Lattice-gas automata have been proposed as a new way of doing numerical calculations for hydrodynamic systems. Here, a lattice-gas simulation is run to see whether its behavior really does correspond, as proposed, to that of the Navier-Stokes equation. The geometry used is the twodimensional version of laminar pipe flow. Three checks on the existing theory are performed. The parabolic profile of momentum density arising from the dynamics is quantitatively verified. So is the equation of state, which arises from the statistical mechanics of the system. Finally, the wellknown logarithmic divergence in the viscosity is observed in the automaton and is shown to disagree with the earliest theoretical predictions in this system. Proper agreement is achieved, however, when the theory is extended to include three extra (recently discovered) conserved quantities.
I. INTRODUCTION
Recently, Frisch, Hasslacher, and Pomeau' have proposed a novel technique, the lattice-gas automation (LGA), for the numerical solution of the incompressible Navier-Stokes equation in two dimensions (2D). This technique has been extensively applied in numerical simulations and it has been extended to schemes for the simulation of 3D incompressible Navier-Stokes flows, binary fluids, buoyant fluids, and other related problems. ' The idea in Ref. 1 is to mimic a two-dimensional gas with a collection of particles that can move along the edges of a regular lattice in such a way that they are on its sites at integer times. There is only a finite number of velocities; collisions between particles can happen only on the sites of the lattice, and these collisions can be set up to satisfy local conservation laws of mass and linear momentum.
Macroscopic fields (e.g. , number and momentum density) can be obtained by a coarse-grained averaging in space and time of the corresponding microscopic quantities. The fictitious world of the LGA and the dynamics of its inhabitants are rather arbitrary. Previous workers ' ' have argued that in the longwavelength limit the conservation laws completely dor. iinate the description of the lattice-gas automata. Hence, they argue, the LGA should have hydrodynamic behavior. The derivation of the hydrodynamic description of the lattice gas is based on general many-body physics arguments and it seems rather convincing. The hydrodynamics of the LGA is described in terms of conserved quantities. These are divided into two classes. The first were imposed on the model, i.e. , mass and momentum; the second are the conserved quantities that correspond to extensive invariants peculiar to the LGA model. The second class of conserved quantities was discovered only recently. They are the analog of the phenomenon of fermion doubling well known in lattice gauge theory. They are discussed in some detail in Refs. 9 and 10; however, the presence of these new invariants can be easily understood by using a trivial one-dimensional example. Let g(x ) be the linear momentum of the particles present at site x, define G, (t)= g g(x, t), G, (t)= g g(x, t)
x even x odd as the total momentum of the particles on even or odd sites, and let the collision rules conserve the momentum and the number of particles at each site. Since the particles can only hop between nearest neighbors, G, and G, are exchanged at each time step. The dynamics of this one-dimensional model allow three conserved quantities:
M, G, + G"and H =( -1) '(G, -G, ) . The first two are the usual total number of particles and the total linear momentum; the third is due to our extremely simplified dynamics. The staggered momentum H and its related density h can be easily generalized to the two-and threedimensional models currently used, since they are all based on local collision rules and a finite number of velocities. In particular, for the two-dimensional model introduced in Ref. 8 there are three independent conserved densities, h, a=1,2, 3 (one for each symmetry axis of the hexagonal cell), that are the analogs of the staggered momentum density described above. The hydrodynamic behavior of the two-dimensional LGA is therefore described by six hydrodynamic variables, i.e. , the number density, the two components of Navier-Stokes equation in the incompressible limit by an opportune redefinition of the units of momentum density and time.
While the h appear in the expression for the momenturn current as a source term, the staggered momentum densities are merely convected by the momentum density and there is no mechanism, at the order at which obtain an incisive and significant test of both the gross and the delicate aspects of the lattice-gas automaton hydrodynamic description.
The flow we actually simulated, even though it gives parabolic momentum density profiles, is not a standard channel flow; rather than using traditional ' ' '' (i.e. , The local equilibrium momentum density profiles obtained from the simulations agree very well (Fig. 4) The time evolution of the system is expressed as the composition of two steps: in the "streaming" step, each particle hops from its current site to the next-neighbor site lying in the direction of its velocity. In the "collision" step, the particles at each site are redistributed among the seven velocities in such a way that, site by site, the number of particles and the momentum is conserved.
To achieve this, we follow previous workers ' and divide the 2 possible configurations at a site into classes. Each class contains configurations with the same total momentum g and number of particles n. The nontrivial classes are those containing more than one element. The ones involving two or three particles are shown in Fig. 2 . Note that these classes all have either two or three elements. Since the collision rules are invariant under holeparticle interchange, it is sufficient to show only the twoand three-particle nontrivial configuration classes. During the collision step, wherever a lattice site falls into one of these nontrivial classes, a collision occurs and the configuration changes to another element of the same class. In cases where there are two possible choices for the collision output [such as the class (n =2, g=0) of cles at a site into classes. In a collision, the input particle configuration is changed into another element of the same class. For each class we list n, the total number of particles present at the site, g the modules of the total momentum, and s the number of possible configurations that can be constructed from the given class using the particle-hole symmetry and the hexagonal symmetry. The classes with only one element (i.e., no collision is possible) are not listed. All the other possible configurations can be constructed by using the particle-hole symmetry and the hexagonal symmetry.
less obvious extensive invariant is the total staggered momentum H =( -1)' g ( -1) C . g(r, t), rBA where C is obtained by rotating C by~/2 counterclockwise, and B is the reciprocal space vector perpendicular to C, i.e. , B =(2/+3)C . After each time step we randomly select a lattice site and, if possible, apply one of the microscopic forcing rules described in Fig. 3 . Each successful application of a forcing rule adds one unit of momentum to the system. The forcing process is repeated until the desired amount of momentum has been transferred to the gas; fractional amounts of momentum to be added to the system are accumulated across time steps until they sum to an amount greater than 1, at which time one additional unit of momentum is added to the gas. The same number of forcing operations is performed in each channel; consequently, the total x momentum in the system remains constant at its initial value of 0 (the total y momentum is also initialized to 0). The result of this process is a constant body force applied to the gas uniformly across the width and length of each channel, but acting in opposite directions in the two halves of the system. ' ' ' ' ' The system is a hexagonal lattice with an equal number of rows and columns and periodic boundary conditions in both the horizontal and vertical directions (Fig. 1) (13) here vo is the part of the kinematic viscosity that we have not explicitly considered but which is assumed not to depend on L. In the above expression the sum on the reciprocal lattice has a ' (1) - (4) give, at least under the simulation conditions described in this paper, an accurate description of the dynamical property of the lattice-gas automata. The most important result is contained in Fig. 10 Why is this so7 The lattice-gas automaton is very noisy (Appendix C). This is a source of problems when it is applied to the solution of the incompressible Navier-Stokes equation ' but it is an advantage in our case since it enhances the thermodynamic derivative in the coefficient of Eq. (13). Moreover, the collision rules used in our simulation give small transport coefficients [i.e., a small denominator in Eq. (13) (q ) [cR (q )+gll(q ) V'2X& In this appendix we will derive Eq. (13) of Sec. III.
The calculation is a straightforward application of the method illustrated in Ref. 36 . The only modification is the translation of the relevant thermodynamic derivatives into the language of lattice-gas automata. This is rather easy because the equilibrium probability distribution for the lattice-gas automaton factorizes on the sites and directions in the product of one-particle equilibrium distributions. The latter property is essential for the local equilibrium description of the gas and hence for the derivation of Eq. (2) and it guarantees that the particle populations at diiferent sites and/or directions are com- h, (q)= -g e 'q'h, (r) .
N rcn (A4)
In the long-wavelength limit we expect them to be controlled by the hydrodynamic equations, Eqs. (1) We will consider only the first order in the perturbation calculation, i.e. , only the contribution of two-coupled transport modes, because the higher-order diagrams give finite contributions.
The vertices relevant to the calculation, sound-sound, transverse-transverse modes, and coupled staggered momentum can be easily calculated starting from (ft"(0)!g&(q)g ( -q)) = g C ."C . C . iC -. g e ''i'" " '(([f (r) 
where we used Eq. (
The R thus defined is 32 times larger than the "natural"
Eq. (7)].
Hence the maximal R considered in our simulation becomes R =1500. (Re@ is the real part of p). In Fig. 11 we show the stability curve, R * =R '(P) with equal probability; it is uncorrelated to H at prior times, and such that ((f(t&)f(tz))) =5, , It is then easy to compute thus (((H/M) )) =2/M.
The parallels between this example and our problem are easily drawn: the two boxes represent, for a given staggered momentum density, say h2, the lattice sites for i~8 . r which the phase factor e, is respectively, equal to +1; the "object" is one unit of momentum along the x direction; G is the total momentum on the two sublattices; while H is the equivalent of the staggered momentum. An argument similar to the one described above applies to the staggered momentum density in our simulations, and it thus predicts that there should be a correction to the measured kinematic viscosity of the order of (( h, 
